
Regularization paths for ν-SVM and ν-SVRGaëlle Loosli, Gilles Gasso, and Stéphane CanuLITIS, EA 4051, Rouen, Fran
efirstname.name�insa-rouen.frAbstra
t. This paper presents the ν-SVM and the ν-SVR full regula-rization paths along with a leave-one-out inspired stopping 
riterion andan e�
ient implementation. In the ν-SVR method, two parameters areprovided by the user: the regularization parameter C and ν whi
h set-tles the width of the ǫ-tube. In the 
lassi
al ν-SVM method, parameter
ν is an lower bound on the number of support ve
tors in the solution.Based on the previous works of [1, 2℄, extensions of regularization pathsfor SVM and SVR are proposed and permit to automati
ally 
omputethe solution path by varying ν or the regularization parameter.1 Introdu
tionThe utilization of SVM by neophyte users is still hampered by the need tosupply values for 
ontrol parameters in order to get the best attainable results.Mainly, SVM's users must make three 
hoi
es: the kernel, its bandwidth and theregularization parameter. Within the usual formulation of the soft margins SVM,the regularization parameter takes its value between 0 (random) and ∞ (hard-margins). The ν-SVM [3℄ te
hnique reformulates the SVM problem so that C isrepla
ed by a ν parameter taking values in [0, 1]. This re-normalized parameterhas a more intuitive meaning: it represents the minimal proportion of pointsin the solution and the maximal proportion of mis
lassi�ed points. The SVRalgorithm is a popular method for dealing with regression problems [4℄. Thealgorithm minimizes the ǫ-insensitive 
ost while preserving the smoothness ofthe regression fun
tion. The trade-o� is realized via a regularization parameter

λ set by the user. The user also provides the width ǫ ∈ [0,∞[ of the tube. As thepra
ti
al 
hoi
e of ǫ is di�
ult, the ν-SVR method [4℄ was proposed and permitsto automati
ally determine the value of ǫ. Given the importan
e of this problemfor reaping all the potential bene�ts of the use of SVM and SVR, many resear
hwork have been dedi
ated to ways of helping the setting of the parameters. Mostrely on either outer measures, su
h as 
ross-validation, to guide the sele
tion, orto measures embedded in the learning method itself (see [5, 6℄). In pla
e of theseempiri
al approa
hes regularization paths have been widely studied re
ently [1,2, 7℄ sin
e they provide a smart and fast way to a

ess all the optimal solutionsof a problem a

ording to all 
ompromises between bias and regularity. However,having the whole regularization path is not enough. Indeed, the end user stillneeds to retrieve from it the best values for the regularization parameters. Insteadof sele
ting these values by k-fold 
ross-validation or leave-one-out, or other



2approximations [8℄, we propose to in
lude the leave-one-out estimator inside theregularization path in order to have an idea of the generalization error at ea
hstep. We explain why it is less expansive than sele
ting the best parameter aposteriori and give a method to stop learning before attaining the end of the pathto save useless e�orts. This paper presents a low-
ost (in term of 
omputationaltime and memory) method for the auto-setting of the regularization parameterfor the 
lassi�
ation 
ase. Contrarily to what is usually done for regularizationpath, our method does not start with all points as support ve
tors. Doing sowe avoid the 
omputation of the whole Gram matrix at the �rst step. Then,sin
e the proposed method stops on the path, this extreme non-sparse solutionis never attained and thus the whole Gram matrix never required. One of themain advantage of this is that it is possible to use this setting for large databases.2 Regularization path for ν-SVMWe 
onsider a binary 
lassi�
ation problem with training patterns x1 . . . xm ∈ Xand asso
iated 
lasses y1 . . . ym ∈ {+1,−1}. A ν-SVM 
lassi�es a pattern xa

ording to the sign of the de
ision fun
tion f(.) = 1
m

∑m

i=1 αiyik(xi, .) + b. Apattern xi is 
alled �support ve
tor� when the 
orresponding 
oe�
ient αi 6=
0.The hyper-parameter ν 
an be s
aled by the size of the training database. Inthis 
ase, we have λ = mν and λ is a lower bound on the number of supportve
tors. Sin
e we have at least a point in the solution, we 
an set 1 ≤ λ ≤ m.The primal ν-SVM problem is written as follows:

{

minf,b,ρ,ξi

m
2 ‖f‖

2 − λρ +
∑m

i=1 ξis.t. yi

(

f(xi) + b
)

≥ ρ − ξi, ξi ≥ 0, ∀i ∈ [1, ..., m] and ρ ≥ 0with ρ being the margin to be optimized and the dual problem is:
{

maxα − 1
2α⊤Gαs.t. α⊤1 ≥ λ, α⊤y = 0 and 0 ≤ αi ≤ 1 ∀i ∈ [1, ..., m]

(1)where G(i, j) = 1
m

yiyjk(xi, xj). Our aim is to 
ompute the ν-SVM solution forall values of ν. As shown in [1℄, the path is pie
ewise linear. It means that thesupport ve
tors set does not 
hange between two values of ν. Hen
e we only needto identify when a 
hange o

urs in the sets. Similarly to what is done in a
tiveset methods solving the SVM [9℄, the �rst steps 
onsists in identifying the bestdire
tion to follow and the se
ond step is to determine how far to follow it. Letnote g(xi) = yi

(

f(xi) + b
)

− ρ. Then we have:






L : g(xi) < 0 ∀i ∈ L αi = 1 bounded points
E : g(xi) = 0 ∀i ∈ E 0 < αi < 1 margins points
R : g(xi) > 0 ∀i ∈ R αi = 0 useless pointsThe idea of the path is to provide an iterative method that follows the pathby pie
es, stopping at ea
h 
hange among the groups. Ea
h point of the path



3re�e
ts the optimal solution of the ν-SVM a

ording to a parti
ular value of λ.We begin with the smallest value of λ and let it grow up to its larger value.Sin
e the provided solutions are equivalent as long as the groups do not 
hange,we only need to identify for whi
h values of λ a point is going to move fromone group to another. We identify four possible movements: from L to E (fromthe wrong side of the margin to the margin), from R to E (the point be
omessupport ve
tor), from E to L (a support ve
tor be
omes bounded) and from Eto R (a support ve
tor is no longer one). We will denote those steps respe
tivelyas in(ℓ), in(r), out(ℓ) and out(r). Events in(ℓ) and in(r) happen when ∃i ∈ Lor i ∈ R su
h that g(xi) = 0. Events out(ℓ) and out(r) o

ur respe
tively when
∃i ∈ E su
h that αi = 1 or αi = 0. Hen
e we need to express g(x) and αdepending on steps t and t + 1 as:

gt+1(xi) = gt+1(xi) − gt(xi) + gt(xi)
= G(i, :)αt+1 + bt+1yi − ρt+1 − G(xi, :)α

t − btyi + ρt + gt(xi)
= G(i, :)δα + δbyi − δρ + gt(xi)

(2)with δα = αt+1 − αt, δb = bt+1 − bt and δρ = ρt+1 − ρt. G(i, :) designates the
ith row of the matrix. From equation 2 and depending on the 
on
erned event,it is possible to �nd whi
h value of λ to 
hoose next. We summarize in table 1the events and the algorithm me
hani
.Step in(r) out(r) out(ℓ) in(ℓ)

t i ∈ R i ∈ E i ∈ E i ∈ L
gt(xi) > 0 ⋆gt(xi) = 0 ⋆gt(xi) = 0 gt(xi) < 0

αi = 0 0 < αi < 1 0 < αi < 1 αi = 1

t + 1 i ∈ E i ∈ R i ∈ L i ∈ E
⋆gt+1(xi) = 0 ⋆gt+1(xi) ≥ 0 ⋆gt+1(xi) ≤ 0 ⋆gt+1(xi) = 0

0 < αi < 1 ⋆αi = 0 ⋆αi = 1 0 < αi < 1Table 1. Summary of the events. Ea
h 
olumn stands for a parti
ular event. In bluestarred are noted the properties that are used to 
ompute the 
orresponding λt+1Points in E and dete
tion of out(ℓ) and out(r) Events out(ℓ) and out(r)are dete
ted using their values of α. Indeed, one 
ondition to remain in E is tokeep 0 < α < 1. Retrieving λt+1 for whi
h one of these 
onditions is violated forea
h point requires to write αi depending on λt+1. Remark that in E , gt(x) = 0and gt+1(x) = 0. Equation 2 together with the 
onstraints from 1 (α⊤1 ≥ λ,hen
e δ⊤
α
1 ≥ λt+1−λt and α⊤y = 0, hen
e δ⊤

α
y = 0) leads to a system of linearequations Aδ = (λt+1 − λ)c, where

A =





G y −1
y⊤ 0 0
1⊤ 0 0



 δ =





δα

δb

δρ



 c =





0
0
1



This leads to δ = (λt+1 − λt)A−1c. So for points in the set E there is:






αt+1 = αt + (λt − λt+1)η
α

bt+1 = bt + (λt − λt+1)ηb

ρt+1 = ρt + (λt − λt+1)ηρ



4where η denotes the ve
tor A−1c. As mentioned earlier, a 
hange in the groupswill o

ur as soon as one of the αi will meet one of the boundaries, i.e. when
αi = 0 or αi = 1 for i ∈ E . This gives two 
hange 
onditions:

λt+1
out(r) =

−αt

i

ηi
+ λt and λt+1

out(ℓ) =
1−αt

i

ηi
+ λtPoints in L and R and dete
tion of in(ℓ) and in(r) Events in(ℓ) and

in(r) are dete
ted using their values of g(xi). Indeed, one 
ondition to remain in
R is to keep g(xi) > 0 and g(xi) < 0 to stay in L. Retrieving λt+1 for whi
h oneof these 
onditions is violated for ea
h point requires to write gt+1(xi) dependingon λt+1. For a point moving inside E , the parti
ularity is that gt+1(xi) be
omesnul. De�ning h(x) = G(i, :)ηα + ηb − ηρ leads to

gt+1(xi) = G(i, :)δα + δbyi − δρ + gt(xi)
= (λt+1 − λt)

(

G(i, :)η
α

+ ηb − ηρ

)

+ gt(xi)
= (λt+1 − λt)ht(xi) + gt(xi) = 0and thus

λt+1
in(ℓ)

−gt(xi)
ht(xi)

+ λt i ∈ L and λt+1
in(r)

−gt(xi)
ht(xi)

+ λt i ∈ RNote that it may happen that several points rea
h E at the same time. Eventhough this does not 
hange equations, it is a relevant remark for implementa-tion. Indeed, if a point is missed, the path is left and the missed point will notbe sele
ted afterward.Regularization path algorithm At ea
h step we look for the smallest λt+1 >

λt among {

λt+1
in(ℓ), λ

t+1
in(r), λ

t+1
out(ℓ), λ

t+1
out(r)

}. We update the αt+1 a

ording to the
hosen λt+1 and then the groups. The pro
ess is stopped when λ = m.3 Regularization path for the ν-SVRAssuming m training points {(xi, yi) ∈ X ×R}, the ν-SVR algorithm optimizesan ǫ-insensitive 
ost (L(y, f(x)) = max(0, |y − f(x)| − ǫ)) and allows the auto-mati
 
omputation of the ǫ-tube [4℄. Its primal formulation is:
{

minf,b,ǫ,ξ,ξ∗
λ
2 ‖f‖

2 + νǫ +
∑m

i=1 ξi + ξ∗i s.t.

−ǫ − ξi ≤ yi − f(xi) ≤ ǫ + ξ∗i , ξi ≥ 0, ξ∗i ≥ 0, ∀i ∈ [1, . . . , m] and ǫ ≥ 0where λ is the regularization parameter. A

ording to this formulation, the pa-rameter ν varies in the interval [0, m].3.1 The double pathThe regression fun
tion: f(x) = 1
λ

∑m

i=1 (α∗
i − αi)k(xi, x)+ b is a solution of theprevious problem where k(., .) is the kernel fun
tion and the Lagrange multipliers

α
(∗)
i are solutions of the dual problem [4℄. Given �xed values of the regularization



5parameter λ and of ν, the KKT 
onditions permit the automati
 determinationof b and ǫ (see [4℄). The quality of the regression depends on the 
hosen values.The aim of this se
tion is to analyze the evolution of the regression fun
tion
f(x) a

ording to the variations of λ for a �xed value ν: the λ-path. Conversely,keeping λ �xed at a spe
i�ed value, the regression fun
tion 
an be studied withrespe
t to ν: the ν-path. Following the original idea of [2℄ it 
an be shownthat these paths are pie
ewise linear. The initial regularization path for SVR ofGunter and Zhu was extended to the double path (λ-path and ǫ-path) in [10℄. Inthis paper, we give another formulation of the double path as we 
ompute the
ν-path instead of the ǫ-path. To do so, let de�ne the following sets:























L : yi − f(xi) < −ǫ, ∀i ∈ L, αi = 1, α∗
i = 0 bounded points

R : yi − f(xi) > ǫ, ∀i ∈ R, αi = 0, α∗
i = 1 bounded points

C : |yi − f(xi)| < ǫ, ∀i ∈ C, αi = 0, α∗
i = 0 useless points

EL : yi − f(xi) = −ǫ, ∀i ∈ EL, 0 ≤ αi ≤ 1, α∗
i = 0 useful points

ER : yi − f(xi) = ǫ, ∀i ∈ ER, αi = 0, 0 ≤ α∗
i ≤ 1 useful pointsThe sets L and R 
ontain respe
tively the points with errors belonging to theleft part and right part of the ǫ-tube whereas the points of EL and ER lie on theleft and right elbows (on the tube). The elements of C are the points in the tube.Compared to the ν-SVM, we remark that there is more groups of points to tra
t.3.2 Computation of the λ-pathWe suppose the value of ν is 
onstant. The regression fun
tion 
an be writtenas: f(x) = 1

λ
(
∑m

i=1 (α∗
i − αi)k(xi, x) + β0) with β0 = λb. Let f t(x), the solutionobtained for λt. The 
orresponding sets are Lt, Rt , Ct, ELt, ERt.The solution isnot modi�ed as long as the sets are not modi�ed. As previously, the key pointis to determine the values of λ for whi
h a point is moved from a set to another.The 
onditions for the o

urring of these events are summarized in table 2. LetStep in(ℓ) in(r) in(c) out(ℓ) out(r) out(c)

Lt to EL
t Rt to ER

t Ct to EL
t or EL

t to Lt ER
t to Rt EL

t to Ct or
Ct to ER

t ER
t to Ct

t i ∈ L i ∈ R i ∈ C i ∈ EL i ∈ ER i ∈ EL or ER

rt

i < −ǫt rt

i > ǫt |rt

i | < ǫt rti = −ǫt rti = ǫt

αi = 1 αi = 0 αi = 0 0 ≤ αi ≤ 1 αi = 0
α∗

i = 0 α∗

i = 1 α∗

i = 0 α∗

i = 0 0 ≤ α∗

i ≤ 1t+1 i ∈ EL i ∈ ER i ∈ EL or i ∈ ER i ∈ L i ∈ R i ∈ C
r

t+1

i
=−ǫt+1 r

t+1

i
= −ǫt+1 r

t+1

i
= −ǫt+1 or r

t+1

i
<−ǫt+1 r

t+1

i
>ǫt+1 |rt+1

i
|<ǫt+1

r
t+1

i
=ǫt+1

0 ≤ αi ≤ 1 αi = 0 0 ≤ αi ≤ 1, αi = 0 αi = 1 αi = 0 αi = 0
α∗

i = 0 0 ≤ α∗

i ≤ 1 α∗

i = 0, 0 ≤ α∗

i ≤ 1 α∗

i = 0 α∗

i = 1 α∗

i = 0Table 2. Events in the doubly path of ν-SVR. The bold blue 
olor denotes the 
ondi-tions used to 
ompute the parameters of the model and rk

i = yi−fk(xi). Some elementsof the last 
olumn are not spe
i�ed as they are given in the previous 
olumns.



6write λf(x) = λf(x) − λtf t(x) + λtf t(x). Hen
e we have:
λf(x) =

∑

i∈EL
t∪ER

t

(δα∗
i − δαi) k(xi, x) + δβ0 + λtf t(x) (3)with δαi = αi − αt

i, δα∗
i = α∗

i − α∗t
i , δβ0 = β0 − βt

0. In the latest relation, thesum is 
arried only over EL and ER as the Lagrange parameters 
orrespondingto the other sets are �xed (equal to 0 or 1). For j ∈ EL
t, we have: yj − f t(xj) =

−ǫt. Therefore, for λt+1 < λ < λt, the following equation holds: λ(yj + ǫ) =
∑

i∈ER
t∪EL

t (δα∗
i − δαi) k(xi, xj) + δβ0 + λt(yj + ǫt). By de�ning d = λǫ and

δd = λǫ − λtǫt, we get:
(λ − λt)yj =

∑

i∈ER
t

δα∗
i k(xi, xj −

∑

i∈EL
t

δαik(xi, xj) + δβ0 − δd, ∀j ∈ EL
tSimilarly, for j ∈ ER

t, one 
an establish:
(λ − λt)yj =

∑

i∈ER
t

δα∗
i k(xi, xj) −

∑

i∈EL
t

δαik(xi, xj) + δβ0 + δd, ∀j ∈ ER
tUsing the 
onstraints (α∗ − α)⊤1 = 0 (whi
h leads to (δα∗ − δα)⊤1 = 0) and

(α∗ + α)⊤1 ≤ ν (hen
e (δα∗ + δα)⊤1 ≤ 0) of the dual problem, we obtain thelinear system Aδ = (λ − λt)c where:
A =









−K(EL, EL) K(EL, ER) 1 −1
−K(EL, ER)⊤ K(ER, ER) 1 1

−1⊤ 1⊤ 0 0
1⊤ 1⊤ 0 0









, δ =









δα

δα∗

δβ0

δd









∈ R
|EL|+|ER|+2, c =









yEL

yER

0
0







and K the gram matrix. Let η = A−1c, the parameters are given by:
αt+1 = αt + (λ − λt)ηα, α∗t+1 = α∗t + (λ − λt)ηα∗ (4)
βt+1

0 = βt
0 + (λ − λt)ηβ0

(5)
dt+1 = dt + (λ − λt)ηd (6)Points in EL or ER and dete
tion of out(ℓ), out(r) and out(c) Theseevents o

ur when the parameters α and α∗ hints their boundaries 0 or 1 (seetable 2). A

ording to 4, we get:

λt+1
out(ℓ) =

1−αt

i

ηαi

+ λt, i ∈ EL; λt+1
out(r) =

1−α∗t

i

ηα∗
i

+ λt, i ∈ ER

λt+1
out(c) =

{

−αt

i

ηαi

+ λt, i ∈ EL

}

∪

{

−α∗t

i

ηα∗
i

+ λt, i ∈ ER

}Points in L, R, C and dete
tion of in(ℓ), in(r) and in(c) By substitutingequations 4 - 5 in 3 and after some algebras, we get: f(x) = λt

λ
[f t(x) − ht(x)] +



7
ht(x) with ht(x) =

∑

i∈ER
t δα∗

i k(xi, xj)−
∑

i∈EL
t δαik(xi, xj) + δβ0. Using 6,the latest relation and table 2, the values of λ asso
iated to these events are:

λt+1
in(ℓ) =

λt(ft(xi)−ht(xi)−ǫt+ηd)
yi−ht(xi)+ηd

, λt+1
in(r) =

λt(ft(xi)−ht(xi)+ǫt−ηd)
yi−ht(xi)−ηd

λt+1
in(c) =

{

λt+1
in(ℓ), evaluated for i ∈ C

}

∪
{

λt+1
in(r), evaluated for i ∈ C

}

λ-path algorithm The next value λt+1 is the largest value of λ less than λt.The di�
ult part of the method is to �nd an initial 
on�guration of λ su
h asea
h elbow ER and EL 
ontains at least one point. In [2℄, the authors suggest to
hoose λ = ∞ and to �nd the 
orresponding b. From this initial point, the valueof λ is de
reased in order to �nd two points in the elbows. Thus the algorithmis runned until one elbow be
omes empty or the the value of λ be
omes small.3.3 Computation of the ν-pathIn this 
ase, the parameter λ is �xed and we examine the e�e
t of ν on theregression solution. The proposed approa
h is 
losely similar to the derivation ofthe λ-path. Let the parameter νt 
orresponding to the solution f t(x). Let νt+1 <

ν < νt su
h as the sets obtained at the step t are not modi�ed. As λ is 
onstant,from 3, we obtain: λ (f(x) − f t(x)) =
∑

i∈ER
t∪EL

t (δα∗
i − δαi)k(xi, x)) + δβ0.A

ording to the 
onditions veri�ed by the points belonging to EL and ER (res-pe
tively yi − f(xi) = −ǫ and yi − f(xi) = ǫ) we obtain the set of equations:

∑

i∈ER
t

δα∗
i k(xi, xj) −

∑

i∈EL
t

δαik(xi, xj) + δβ0 − δd = 0 ∀j ∈ EL
t (7)

∑

i∈ER
t

δα∗
i k(xi, xj) −

∑

i∈EL
t

δαik(xi, xj) + δβ0 + δd = 0 ∀j ∈ ER
t (8)with δd = λ(ǫ − ǫt). Also here, the 
ondition (α∗ − α)T1 = 0 (whi
h leadsto (δα∗ − δα)⊤1 = 0) holds whereas the inequality (α∗ + α)⊤1 ≤ ν yields

(δα∗+δα)⊤1 ≤ ν−νt. Grouping all these equations, we obtain a linear system:
Aδ = (ν − νt)c with c =

[

0 0 0 1
]⊤. The values of ν 
orresponding to theevents are 
omputed by applying the same me
hanism as previously. The events

in(ℓ), in(r) and in(c) 
an be monitored by using the relation f(x) = f t(x) +
ν−νt

λ
ht(x) derived from the updating equations of the parameters with respe
tto ν. The ν-path is similar to the λ-path. Here the initialization is very easy aswe 
an 
hoose ν ≈ 0. In this 
ase, all the points are inside the tube or in themargin and the initial solution is very sparse. As the elbows are initialized, thealgorithm pro
eeds from this point. We have presented a doubly path algorithm.The question arises how to swit
h from a path to the other. As at ea
h step ofa path all the parameters are available, the swit
hing is easily 
arried.4 Stopping on the path using Leave One OutWe want to �nd a stopping 
riteria along the path. To do so the idea is to
ompute together with the regularization path a sequen
e of estimates of the



8generalization error to stop when this sequen
e rea
hes a minimum. Among allpossible estimations of the generalization error, the leave-one-out seems to bethe one advo
ated by pra
titioners. The major drawba
k of the leave-one-outestimate is the time required to 
ompute it. Solutions have been proposed toover
ome this de�
ien
y. [8℄ propose to use an approximation easily available
alled the GCV (Generalized Cross Validation). Others [11℄ propose to take ad-vantage of e�
ient implementation of the SVM with warm-start (starting fromthe 
urrent solution as an a priori on the next solution) to derive a

eptablepro
edures[12℄. Following this idea, we show next how to integrate those estima-tors in the algorithm and we point out that this method is mu
h 
heaper thanan external LOO method. The leave-one-out error is de�ned as the mean errordone for the removed points. We also 
ompute a se
ond leave-one-out estimationto have an idea of the varian
e of the solution:
LOO1error =

1

n

∑

i

1 − sign(ŷiyi) LOO2error =
1

n

∑

i

max(0, ρ − ŷiyi)This se
ond formula is very helpful to dete
t over-�tting. Indeed, outliers will bevery penalized. The leave-one-out error rates are estimated at ea
h step. Sin
eno point from R parti
ipate to the solution, they would ne
essarily have a zeroerror if on
e removed from the training set. Hen
e we only need to 
ompute theLOO errors of ea
h point t of E and L. The solution S−t is 
lose to the 
urrentsolution S given along the path. Thus we obtain S−t from S with Simple-ν-SVMwarm start. The 
ost of the 
omputation of the LOO at ea
h step is (

|E| + |L|
)update steps. If the generalization error is signi�
antly better for some range ofparameters λ, we expe
t to see it through the LOO error rates. Hen
e we monitorthis value to dete
t when it starts to in
rease signi�
antly. Then we 
an stoplearning a go ba
k to Sλ whi
h has given the lowest LOO errors. Doing so, weavoid to 
ompute the part of the path for whi
h most of the points are boundedsupport ve
tors. Indeed those solution 
ontradi
t the SVM goal: sparseness.For the ν-SVR algorithm, the generalization ability is evaluated using thefollowing LOO error (
omputed by exploiting also a warm start pro
edure)

LOO = 1
m

∑m
i=1,i6=k |yi − fk(xi)| with fk(x), the solution obtained with thepoint k out of the training set. This implies |EL| + |ER| + |L| + |R| updates atea
h step of the path.4.1 Experimental resultsWe have 
ondu
ted experiments on arti�
ial data-sets in order to illustrate howthe LOO estimation 
an be a 
riteria to stop learning on the path before attainingnon sparse solutions. Figure 1 give example of results on the mixture data-set,with an rbf kernel. Ea
h LOO estimate provide useful information. The �rst one(based on the 
ounting of the errors) gives a good approximation of the genera-lization error. The se
ond one, based on the output value of the SVM representsthe varian
e of the solution and we look for a low varian
e solution. From apra
ti
al point of view, determining the 
orre
t moment to stop requires someheuristi
 and using a smoothed 
urved of the LOO error is useful. Our heuristi
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ordingto λ, reported with the test error
onsists in 
hoosing to stop when the smoothed LOO2 error has not been de
rea-sing for a period lasting as long as it take for λ to grow of 10. Then we 
hooseba
kward the λ 
orresponding to the minimum a
hieved by smoothed LOO1.The test of the ν-SVR algorithm is realized on a toy problem whi
h 
onsists toapproximate the nonlinear fun
tion y = sin(exp(3 ∗ x)). A gaussian kernel withbandwidth 0.1 was used. The results obtained for the λ-path are depi
ted on�gure 2. When λ de
reases, the LOO error de
reases qui
kly so the algorithm
an be stopped earlier. The same remark holds for the width of the tube. For thesmall values of ν, as the initial solution is sparse, the LOO 
omputation is veryfast and stopping earlier the algorithm yields a sparse solution. There is no needto explore the overall path. The illustration of the ν-path for di�erent valuesof λ is displayed on �gure 3. As ν de
reases, the tube vanishes and the LOOerror de
reases. However, it remains to �nd a suitable strategy to explore the
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Fig. 3. Illustration of the ν-path for di�erent values of λ.hyper-parametri
 spa
e (λ, ν). It seems that an interesting methodology 
onsiststo run the λ-path for small values of ν. The "optimal" value of λ is plugged inthe ν-path algorithm to �nd a �nal solution. This strategy has to be 
on�rmedby intensive simulations.



105 Con
lusionThis papers gathers the ν-SVM and the ν-SVR regularization paths. The moti-vation for using the ν derivations of the standards methods SVM and SVR is thatthey provide formulations with more intuitive and bounded hyper-parameters.We give details on the derivations of the regularization paths and we show how toin
lude an estimation of the generalization error within the path so that learning
an be stopped when the best solution is attained, without 
omputing uselesssolutions. Applying this to the SVR is more tri
ky sin
e we need to sear
h on asurfa
e instead of a line and we are 
urrently developing this part.A
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