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Abstract. This paper presents the »-SVM and the v-SVR full regula-
rization paths along with a leave-one-out inspired stopping criterion and
an efficient implementation. In the v-SVR method, two parameters are
provided by the user: the regularization parameter C' and v which set-
tles the width of the e-tube. In the classical »-SVM method, parameter
v is an lower bound on the number of support vectors in the solution.
Based on the previous works of |1, 2], extensions of regularization paths
for SVM and SVR are proposed and permit to automatically compute
the solution path by varying v or the regularization parameter.

1 Introduction

The utilization of SVM by neophyte users is still hampered by the need to
supply values for control parameters in order to get the best attainable results.
Mainly, SVM’s users must make three choices: the kernel, its bandwidth and the
regularization parameter. Within the usual formulation of the soft margins SVM,
the regularization parameter takes its value between 0 (random) and oo (hard-
margins). The v-SVM [3] technique reformulates the SVM problem so that C' is
replaced by a v parameter taking values in [0, 1]. This re-normalized parameter
has a more intuitive meaning: it represents the minimal proportion of points
in the solution and the maximal proportion of misclassified points. The SVR
algorithm is a popular method for dealing with regression problems [4]. The
algorithm minimizes the e-insensitive cost while preserving the smoothness of
the regression function. The trade-off is realized via a regularization parameter
A set by the user. The user also provides the width € € [0, oo[ of the tube. As the
practical choice of ¢ is difficult, the »-SVR method [4] was proposed and permits
to automatically determine the value of €. Given the importance of this problem
for reaping all the potential benefits of the use of SVM and SVR, many research
work have been dedicated to ways of helping the setting of the parameters. Most
rely on either outer measures, such as cross-validation, to guide the selection, or
to measures embedded in the learning method itself (see [5,6]). In place of these
empirical approaches regularization paths have been widely studied recently [1,
2, 7] since they provide a smart and fast way to access all the optimal solutions
of a problem according to all compromises between bias and regularity. However,
having the whole regularization path is not enough. Indeed, the end user still
needs to retrieve from it the best values for the regularization parameters. Instead
of selecting these values by k-fold cross-validation or leave-one-out, or other



approximations [8], we propose to include the leave-one-out estimator inside the
regularization path in order to have an idea of the generalization error at each
step. We explain why it is less expansive than selecting the best parameter a
posteriori and give a method to stop learning before attaining the end of the path
to save useless efforts. This paper presents a low-cost (in term of computational
time and memory) method for the auto-setting of the regularization parameter
for the classification case. Contrarily to what is usually done for regularization
path, our method does not start with all points as support vectors. Doing so
we avoid the computation of the whole Gram matrix at the first step. Then,
since the proposed method stops on the path, this extreme non-sparse solution
is never attained and thus the whole Gram matrix never required. One of the
main advantage of this is that it is possible to use this setting for large databases.

2 Regularization path for v-SVM

We consider a binary classification problem with training patterns xy ...x,, € X
and associated classes y1 ...ym € {+1,—1}. A v-SVM classifies a pattern x
according to the sign of the decision function f(.) = L+ 3" a;yik(x;,.) +b. A
pattern x; is called “support vector” when the corresponding coefficient a; #
0.The hyper-parameter v can be scaled by the size of the training database. In
this case, we have A = mv and A is a lower bound on the number of support
vectors. Since we have at least a point in the solution, we can set 1 < A < m.
The primal v-SVM problem is written as follows:

mingppe, L f1% = Ao+ 300 &
s.t yi (f(z:) +b) = p—&, &>0,¥ie[l,...,m] and p>0

with p being the margin to be optimized and the dual problem is:

maxa—%aTGa
T Ty _ _ - (1)
st.a'l>)\, a'y=0 and 0<aq; <1 Vie][l,..,m]

where G(i,j) = Lyy;k(xs,2;). Our aim is to compute the v-SVM solution for
all values of v. As shown in [1], the path is piecewise linear. It means that the
support vectors set does not change between two values of v. Hence we only need
to identify when a change occurs in the sets. Similarly to what is done in active
set methods solving the SVM [9], the first steps consists in identifying the best
direction to follow and the second step is to determine how far to follow it. Let
note g(z;) = yi (f (i) + b) — p. Then we have:

L:g(x;)<0 Viel «;=1 Dbounded points
E:g(x;))=0 Vie 0<a; <1 margins points
R:g(x;)) >0 Vie R «;=0 useless points

The idea of the path is to provide an iterative method that follows the path
by pieces, stopping at each change among the groups. Each point of the path



reflects the optimal solution of the »-SVM according to a particular value of A.
We begin with the smallest value of A and let it grow up to its larger value.
Since the provided solutions are equivalent as long as the groups do not change,
we only need to identify for which values of A\ a point is going to move from
one group to another. We identify four possible movements: from £ to £ (from
the wrong side of the margin to the margin), from R to & (the point becomes
support vector), from & to £ (a support vector becomes bounded) and from &
to R (a support vector is no longer one). We will denote those steps respectively
as in(f), in(r), out(¢) and out(r). Events in(¢) and in(r) happen when 3i € £
or i € R such that g(x;) = 0. Events out(¢) and out(r) occur respectively when
Ji € &£ such that a; = 1 or a; = 0. Hence we need to express g(x) and «
depending on steps t and ¢ + 1 as:

9" (@) = 9" (@) — g' (@) + g ()
G(i, )ttt + ity — ot — Gy, )al — bly; + pt + gt (x;)  (2)
G(i,:)0a + Opyi — 05 + g (2:)

with 64 = o™ — af, §, = b1 —b' and §, = p'™! — p'. G(i,:) designates the
it" row of the matrix. From equation 2 and depending on the concerned event,
it is possible to find which value of A to choose next. We summarize in table 1
the events and the algorithm mechanic.

i,
i,

[Step] in(r) | out(r) | out(f) | n(0) |
t ieR 1eé ief teLl
9'(zi) >0 | *g"(x:) =0 | xg"(xi) =0 | ¢'(z:) <0
Oéq;:O 0<Oé7;<1 O<C¥Z<1 017;21
t+1 1€& 1E€R 1€ L ie&
*g" T (xi) = 0fxg" ™ (xi) > O[xg" " (xi1) < O[xg" ™ (x1) = 0
O<a; <1 *xa; =0 *o; =1 O<a; <1

Table 1. Summary of the events. Each column stands for a particular event. In blue
starred are noted the properties that are used to compute the corresponding A'*!

Points in £ and detection of out(£) and out(r) Events out(¢) and out(r)
are detected using their values of «a. Indeed, one condition to remain in £ is to
keep 0 < a < 1. Retrieving A'*! for which one of these conditions is violated for
each point requires to write a; depending on A**!. Remark that in &£, ¢'(z) =0
and g'*1(z) = 0. Equation 2 together with the constraints from 1 (a'1 > A,
hence 8,1 > X+t — X and a’y = 0, hence 8y = 0) leads to a system of linear
equations Ad = (A\'*! — X)c, where

Gy-1 . 0
A=|y'00 b=|0| c=10
170 0 Sy 1

This leads to § = (A\'™! — A") A~ 1c. So for points in the set £ there is:
at-i—l — at + ()\t _ )\t—i—l),rla
bt+1 — bt + (/\t o )\t+1)nb
P = pt 4 (XF — AT,



where 1 denotes the vector A~'c. As mentioned earlier, a change in the groups
will occur as soon as one of the a; will meet one of the boundaries, i.e. when
a; =0or a; =1 for v € £ This gives two change conditions:

—a!
Ay =5+ A and ALY
74 out

_ loog t
out(r) N + A

O

Points in £ and R and detection of in(£) and in(r) Events in(¢) and
in(r) are detected using their values of g(z;). Indeed, one condition to remain in
R is to keep g(x;) > 0 and g(z;) < 0 to stay in £. Retrieving A'*! for which one
of these conditions is violated for each point requires to write g***(z;) depending
on A+ For a point moving inside £, the particularity is that g'*!(x;) becomes
nul. Defining h(z) = G(i, )N + m6 — 1, leads to

g (i) = G(i,:)8a + Oy — 0, + ' ()
= (AT = M) (G, )N + 10 — 1p) + 9 ()
= (N = M) (i) + g'(2:) = 0

and thus

t+1 —g'(z) t t+1 —g'(xq) t
)\in(Z) en) + X ie L and )\m(r) e + A ieR
Note that it may happen that several points reach £ at the same time. Even
though this does not change equations, it is a relevant remark for implementa-
tion. Indeed, if a point is missed, the path is left and the missed point will not
be selected afterward.

Regularization path algorithm At each step we look for the smallest AX**! >

Al among {)\;‘:(12), Azi(lr), )‘E:tl(e)v )\f;:tl(r)}. We update the a’t! according to the

chosen A'T! and then the groups. The process is stopped when A\ = m.
3 Regularization path for the v-SVR

Assuming m training points {(z;,y;) € X x R}, the v-SVR algorithm optimizes
an e-insensitive cost (L(y, f(z)) = maz(0, |y — f(z)| — €)) and allows the auto-
matic computation of the e-tube [4]. Its primal formulation is:

mingpeeer 1P +ve+ Y &+ & s.t.
—e—&<yi—flr) <e+&, &>0, 6 >0,Vie[l,...,mland € >0

where A is the regularization parameter. According to this formulation, the pa-
rameter v varies in the interval [0, m].

3.1 The double path

The regression function: f(z) = 5 >/, (af — o;)k(x;, ) 4 b is a solution of the
previous problem where k(., .) is the kernel function and the Lagrange multipliers

ozz(-*) are solutions of the dual problem [4]. Given fixed values of the regularization



parameter A and of v, the KKT conditions permit the automatic determination
of b and € (see [4]). The quality of the regression depends on the chosen values.
The aim of this section is to analyze the evolution of the regression function
f(z) according to the variations of A for a fixed value v: the A-path. Conversely,
keeping A fixed at a specified value, the regression function can be studied with
respect to v: the v-path. Following the original idea of [2] it can be shown
that these paths are piecewise linear. The initial regularization path for SVR of
Gunter and Zhu was extended to the double path (A-path and e-path) in [10]. In
this paper, we give another formulation of the double path as we compute the
v-path instead of the e-path. To do so, let define the following sets:

L: yi—fla)<—-eViel, ay=1,af=0 bounded points
R: yi—flx))>e, YieR, ay=0,af =1 bounded points
C: |yi—flx)|<e Viel, a=0,af =0 useless points
Ecyi— flay) = -6, Vie &, 0<a; <1,af =0 useful points
Eriyi— flx) =€, Vier,a; =0,0<a <1 useful points

The sets £ and R contain respectively the points with errors belonging to the
left part and right part of the e-tube whereas the points of £, and Ex lie on the
left and right elbows (on the tube). The elements of C are the points in the tube.
Compared to the v-SVM, we remark that there is more groups of points to tract.

3.2 Computation of the A-path

We suppose the value of v is constant. The regression function can be written
as: f(z) = 3 (0, (of — ai)k(zi, @) + Bo) with By = Ab. Let f!(z), the solution
obtained for A*. The corresponding sets are £, R , Ct, £¢', Er".The solution is
not modified as long as the sets are not modified. As previously, the key point
is to determine the values of A\ for which a point is moved from a set to another.
The conditions for the occurring of these events are summarized in table 2. Let

Step in(f) in(r) in(c) out(f) out(r) out(c)
LY to Y R to Ert Ct to 2% or Ertto LY | Ert to RY | EL to Ctoor
C' to Er' Er'to C!
t el i1eER ieC 1€, ie€ér |t€&sorér
Tf < —Et 7';‘5 > Et |7'f| < Et I‘;: = —Et rit = et
Oéizl OQ':O OQ':O Ogaigl OéiIO
af =0 a; =1 a; =0 af =0 |0<af <1
t+1 1€&, 1€&r i€éroricér 1e Ll 1ER i1eC
r§+1:_6t+1 rEH — il I,it+1 — ety rit+1 < et I,it+1 S et |rf+1| <t
rit = et
1
0<a; <1 a; =0 0<a; <1,a; =0 a; =1 a; =0 a; =0
af =0 0<a;<1|afj=0,0<a;<1| «afj=0 af =1 a; =0

Table 2. Events in the doubly path of v-SVR. The

bold blue color denotes the condi-

tions used to compute the parameters of the model and r¥ = y; — f* (7). Some elements
of the last column are not specified as they are given in the previous columns.



write Af(z) = Af(z) — N fi(x) + A f¥(x). Hence we have:

M)= > (00] — 6) k(xi, x) + 680 + N f'(x) (3)

i€ELTUERT

with do; = a; — o, daf = af — ', 65y = Bo — 3. In the latest relation, the

sumn is carried only over £, and £x as the Lagrange parameters corresponding

to the other sets are fixed (equal to 0 or 1). For j € £.', we have: y; — f*(x;) =
—et. Therefore, for AX'71 < X < X!, the following equation holds: A(y; + €) =

Yicentuept (00f = i) k(xi,x5) + 680 + A (y; + €'). By defining d = Ae and
d = e — \let, we get:

A=Yy = > dajk(aiz; — Y Saik(xs, x;) + 660 — od, Vj € &'

i€Er’ €&t

Similarly, for j € Ex’, one can establish:
= Y dajk(wi ;) — > daik(xs, ;) + 0o +0d, Vi€ Er’
icErt iceEpt

Using the constraints (a* — a)'1 = 0 (which leads to (§a* — da)T1 = 0) and
(a* +a)"1 < v (hence (§a* + da) "1 < 0) of the dual problem, we obtain the
linear system Ad = (A — \)c where:

—K(&,&) K(&,Er) 1 — Jo" Ver

_ | —K(éc.6r)T K(Er,ER) 1 1 _ | da” ol tlErl+2 . | Yer
A= 17 17 00 |0 |z | €K A
17 17 00 od 0

and K the gram matrix. Let n = A~ 'c, the parameters are given by:

Mt =al+ A=Ay, o =a + (A= A)ng. (4)
0 =85+ (A = A)ng, (5)
T =d' + (A= X)ng (6)

Points in £, or Er and detection of out(£), out(r) and out(c) These
events occur when the parameters a and o hints their boundaries 0 or 1 (see
table 2). According to 4, we get:

t+1 1—af to ) t+1 11—
My = 5+ 0 i€ Es Ml =

1 —al . —ajt
Af}jt(c) { et X, g &} U { .

77011 7i€573
, iEER}

Points in £, R, C and detection of in(£), in(r) and in(c) By substituting

equations 4 - 5 in 3 and after some algebras, we get: f(z) = )‘Tr [fi(z) — At (x)]+




hi(z) with  h*(x) = 3, cep e daik(zi, x5) — D ce, o 0aik(zi, x5) + 000 Using 6,
the latest relation and table 2, the values of A associated to these events are:
AL M@ Rt @) —etna) -y N (@) ki (@)t —ma)
in(€) T yi—ht(zi)+na ’ in(r) yi—ht(zi)—na
/\Z:(lc) = {/\E;:(lg), evaluated for i € C} U {)\E:(IT), evaluated for i € C}

A-path algorithm The next value A'*! is the largest value of A less than \’.
The difficult part of the method is to find an initial configuration of A\ such as
each elbow Ex and &, contains at least one point. In [2], the authors suggest to
choose A = 0o and to find the corresponding b. From this initial point, the value
of X is decreased in order to find two points in the elbows. Thus the algorithm
is runned until one elbow becomes empty or the the value of A becomes small.

3.3 Computation of the v-path

In this case, the parameter \ is fixed and we examine the effect of v on the
regression solution. The proposed approach is closely similar to the derivation of
the \-path. Let the parameter v/! corresponding to the solution f*(z). Let v*+! <
v < v! such as the sets obtained at the step ¢ are not modified. As ) is constant,
from 3, we obtain: A (f(z) — f'(x)) = Yicentve s (00F — dai)k(zi, x)) + 8f0.
According to the conditions verified by the points belonging to £, and Ex (res-
pectively y; — f(x;) = —e and y; — f(a;) = €) we obtain the set of equations:

> k(i z) — Y Souk(wi,x;) + 06 —6d =0 Vj €&l (7)

i€EERT i€£5’5
Z 6afk(xi,xj)— Z 5aik($i,$j)+6ﬁo+6d:0 Yy EgRt (8)
i€EER? i€Ect

with dd = A(e — €'). Also here, the condition (a* — )1 = 0 (which leads
to (da* — da)"1 = 0) holds whereas the inequality (a* + a)'1 < v yields
(a* +6a) "1 < v—vt. Grouping all these equations, we obtain a linear system:
A = (v —v')c with ¢ = [000 1]T. The values of v corresponding to the
events are computed by applying the same mechanism as previously. The events
in(f), in(r) and in(c) can be monitored by using the relation f(x) = f'(x) +
”*T”tht(x) derived from the updating equations of the parameters with respect
to v. The v-path is similar to the A-path. Here the initialization is very easy as
we can choose v =~ 0. In this case, all the points are inside the tube or in the
margin and the initial solution is very sparse. As the elbows are initialized, the
algorithm proceeds from this point. We have presented a doubly path algorithm.
The question arises how to switch from a path to the other. As at each step of
a path all the parameters are available, the switching is easily carried.

4 Stopping on the path using Leave One Out

We want to find a stopping criteria along the path. To do so the idea is to
compute together with the regularization path a sequence of estimates of the



generalization error to stop when this sequence reaches a minimum. Among all
possible estimations of the generalization error, the leave-one-out seems to be
the one advocated by practitioners. The major drawback of the leave-one-out
estimate is the time required to compute it. Solutions have been proposed to
overcome this deficiency. [8] propose to use an approximation easily available
called the GCV (Generalized Cross Validation). Others [11] propose to take ad-
vantage of efficient implementation of the SVM with warm-start (starting from
the current solution as an a priori on the next solution) to derive acceptable
procedures|[12]. Following this idea, we show next how to integrate those estima-
tors in the algorithm and we point out that this method is much cheaper than
an external LOO method. The leave-one-out error is defined as the mean error
done for the removed points. We also compute a second leave-one-out estimation
to have an idea of the variance of the solution:

1 1
LOOlerror = - 1—s1 Ai i LOO28’I"TOT = - 07 - Ai i
nz sign(Yiyi) nzi:max( P = Yiyi)

This second formula is very helpful to detect over-fitting. Indeed, outliers will be
very penalized. The leave-one-out error rates are estimated at each step. Since
no point from R participate to the solution, they would necessarily have a zero
error if once removed from the training set. Hence we only need to compute the
LOO errors of each point ¢t of £ and £. The solution S_; is close to the current
solution S given along the path. Thus we obtain S_; from S with Simple-v-SVM
warm start. The cost of the computation of the LOO at each step is (|€| + |£|)
update steps. If the generalization error is significantly better for some range of
parameters A\, we expect to see it through the LOO error rates. Hence we monitor
this value to detect when it starts to increase significantly. Then we can stop
learning a go back to Sy which has given the lowest LOO errors. Doing so, we
avoid to compute the part of the path for which most of the points are bounded
support vectors. Indeed those solution contradict the SVM goal: sparseness.

For the v-SVR algorithm, the generalization ability is evaluated using the
following LOO error (computed by exploiting also a warm start procedure)
LOO = %Z:n:l#k lyi — fr(x;)| with fi(z), the solution obtained with the
point k out of the training set. This implies |Ez| + |Er| + |£] + |R| updates at
each step of the path.

4.1 Experimental results

We have conducted experiments on artificial data-sets in order to illustrate how
the LOO estimation can be a criteria to stop learning on the path before attaining
non sparse solutions. Figure 1 give example of results on the mixture data-set,
with an rbf kernel. Each LOO estimate provide useful information. The first one
(based on the counting of the errors) gives a good approximation of the genera-
lization error. The second one, based on the output value of the SVM represents

prackifahmai st ahyigulu et Tanding 1BEKCasECst B0 DEH R Bes SOR FRAIT 5 SING
heuristic and using a smoothed curved of the LOO error is useful. Our heuristic
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Fig. 1. Nllustration on the mixture data-set of the LOO error rate evolution according
to A, reported with the test error

80

consists in choosing to stop when the smoothed LOO2 error has not been decrea-
sing for a period lasting as long as it take for A to grow of 10. Then we choose
backward the A\ corresponding to the minimum achieved by smoothed LOOL.
The test of the »-SVR algorithm is realized on a toy problem which consists to
approximate the nonlinear function y = sin(exp(3 * x)). A gaussian kernel with
bandwidth 0.1 was used. The results obtained for the A-path are depicted on
figure 2. When \ decreases, the LOO error decreases quickly so the algorithm
can be stopped earlier. The same remark holds for the width of the tube. For the
small values of v, as the initial solution is sparse, the LOO computation is very
fast and stopping earlier the algorithm yields a sparse solution. There is no need
to explore the overall path. The illustration of the v-path for different values
of A\ is displayed on figure 3. As v decreases, the tube vanishes and the LOO

error decreases. However, it remains to find a suitable strategy to explore the

Variation of the tube width € with respect to 1/A

Variation of the LOO criterion with respect to 1/A Variation of the test error with respect to 1/A

0.

—v=2
- -v=25
V=50

03

0.25

0.2

LOO error
Test error

0.15

—v=2
- -v=2s
= = v=50
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Fig. 2. Nllustration of the A-path for different values of v. The plots show (from the
left to the rigth) the LOO error, the test error and the width of the tube.

Variation of the LOO criterion with respect to v

Variation of the test error with respect tov

—2A=0.1
Ry
A=5

LOO criterion
Test error

—A=01
]
e

Variation of & with respect to v

50

Fig. 3. Illustration of the v-path for different values of A.

hyper-parametric space (A, v). It seems that an interesting methodology consists
to run the A-path for small values of v. The "optimal" value of X is plugged in
the v-path algorithm to find a final solution. This strategy has to be confirmed
by intensive simulations.
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5 Conclusion

This papers gathers the »-SVM and the v-SVR regularization paths. The moti-
vation for using the v derivations of the standards methods SVM and SVR is that
they provide formulations with more intuitive and bounded hyper-parameters.
We give details on the derivations of the regularization paths and we show how to
include an estimation of the generalization error within the path so that learning
can be stopped when the best solution is attained, without computing useless
solutions. Applying this to the SVR is more tricky since we need to search on a
surface instead of a line and we are currently developing this part.
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