
Stopping on the ν-SVM regularization pathusing LOOGaëlle Loosli, Stéphane CanuJune 30, 2006Abstra
tThis paper presents the ν-SVM full regularization path along with aleave-one-out inspired stopping 
riterion and an e�
ient implementation.This stopping 
riterion aims at estimating e�
iently when the solutiono�ers a good generalization. To reinfor
e e�
ien
y, the regularizationpath is followed from the most parsimonious error-free solution towardsthe solution with all training points as support ve
tors (
ontrarily to whatis usually done). The initial solution is also 
omputed e�
iently (withthe Simple-ν-SVM brie�y introdu
ed here) be
ause it does not requireto 
ompute the full Gram matrix. Stopping on the path prevents fromlearning non sparse solutions hen
e the full Gram matrix is also avoided.Large databases 
ould hen
e be treated with the proposed method.1 Introdu
tionIn the 
ontext of 
lassi�
ation tasks, Support Ve
tor Ma
hines are now verypopular. However, their utilization by neophyte users is still hampered by theneed to supply values for 
ontrol parameters in order to get the best attainableresults. Mainly, given 
lean data, SVM's users must make three 
hoi
es: thetype of kernel, its bandwidth and the regularization parameter. It would be
onvenient to provide users with a push-button SVM, that would be able toauto-set to the best possible values. This paper presents a new method thatapproa
hes this goal. Given the importan
e of this problem for reaping all thepotential bene�ts of the use of SVM, many resear
h work have been dedi
atedto ways of helping the setting of the parameters. Most rely on either outermeasures, su
h as 
ross-validation, to guide the sele
tion, or to measures embeddedin the learning method itself (for kernels, see [1, 8℄). In pla
e of empiri
alapproa
hes to the setting of the 
ontrol parameters, regularization paths havebeen proposed [5, 4, 2℄ and widely studied these past years sin
e they providea smart and fast way to a

ess all the optimal solutions of a problem a

ordingto all 
ompromises between bias and varian
e for regression or 
ompromisesbetween bias and regularity in 
lassi�
ation. For instan
e, in the 
ase of 
lassi�
ationtasks, as studied in this paper, Soft margins SVM deal with non separable1



problem thanks to sla
k variables that are parametrized by a sla
k trade-o�(usually noted C, it is the regularization parameter). Within the usual formulationof the Soft margins SVM, this trade-o� takes its value between 0 (random) and
∞ (hard-margins). The ν-SVM [3℄ te
hnique reformulates the SVM problem sothat C is repla
ed by a ν parameters taking values in [0, 1]. This renormalizedparameter has a more intuitive meaning: it represents the minimal proportionof points in the solution and the maximal proportion of mis
lassi�ed points.The advantages of su
h an approa
h are detailed in [3℄.However, having the whole regularization path is not enough. Indeed, theend user still needs to retrieve from it the best values for the regularizationparameters. Instead of sele
ting these values by k-fold 
ross-validation or leave-one-out, or other approximations [10℄, we propose to in
lude the leave-one-out estimator inside the regularization path in order to have an idea of thegeneralization error at ea
h step. We explain why it is less expansive thansele
ting the best parameter a posteriori and give a method to stop learningbefore attaining the end of the path to save useless e�orts. This paper presentsa low-
ost (in term of 
omputational time and memory) method for the auto-setting of the regularization parameter. Contrarily to what is usually donefor regularization path, our method does not start with all points as supportve
tors. Doing so we avoid the 
omputation of the whole Gram matrix at the�rst step. Then, sin
e the proposed method stops on the path, this extremenon-sparse solution is never attained and thus the whole Gram matrix neverrequired. One of the main advantage of this is that it is possible to use thissetting for large databases.The paper is organized as follows. In the remaining of the introdu
tionse
tion, we �rst brie�y re
all the ν-SVM formulation of the problem. Then weintrodu
e the ν-SVM regularization path. Se
tion 3 presents 
riteria to stoplearning on the path when the attained solution is the most parsimonious error-free solution . Finally we present pra
ti
al results that illustrate our methodinsights, and show its value.1.1 The ν-SVM settingWe 
onsider a binary 
lassi�
ation problem with training patterns x1 . . . xm ∈ Xand asso
iated 
lasses y1 . . . ym ∈ {+1,−1}. A ν-SVM 
lassi�es a pattern xa

ording to the sign of the de
ision fun
tion f(.) =

1

m

m
∑

i=1

αiyik(xi, .) + b. Apattern xi is 
alled �support ve
tor� when the 
orresponding 
oe�
ient αi isnon zero.The primal ν-SVM problem is written as follows:
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min
f,b,ρ,ξi
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‖f‖2 − νρ +

1

m

m
∑

i=1

ξis.t. yi

(

f(xi) + b
)

≥ ρ − ξi ∀i ∈ [1, ..., m]and ρ ≥ 0and ξi ≥ 0 ∀i ∈ [1, ..., m]1.2 The Simple-ν-SVM solverThe Simple-ν-SVM solver, is derived from the SimpleSVM [9℄. It is an a
tiveset method, based on the repartition of the training points into three groupsthat are denoted here as R for unused points, E for support ve
tors pla
ed onthe margins and L for support ve
tors pla
ed further. The iterative s
heme
onsists in 
hanging the groups su
h that the 
osts de
reases (by taking themost mis
lassi�ed points to put it in E or by taking a point from E for whi
h αiis not taking its value between 0 and 1 anymore) and then update αE , b andρuntil 
onvergen
e.Let reformulate the problem in term of a parameter λ ∈ [1, m] so that the
onstraints on α do not depend on the number of training points.
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‖f‖2 − λρ +

m
∑

i=1

ξis.t. yi

(

f(xi) + b
)

≥ ρ − ξi ∀i ∈ [1, ..., m]and ρ ≥ 0and ξi ≥ 0 ∀i ∈ [1, ..., m]With |L| denoting the 
ardinal of L, we have λ ≥ |L| and λ ≤ |L + E|. This iseasily seen by writing down the dual formulation of 1.2:
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















max
α

−
1

2
α⊤Gαs.t. α⊤1 ≥ λand α⊤y = 0and 0 ≤ αi ≤ 1 ∀i ∈ [1, ..., m]

(1)where G(i, j) = 1
m

yiyjk(xi, xj).If only the points from E are 
onsidered, we get:










max
αE

−
1

2
α⊤

E GEαE −
1

2
α⊤

LGLEαEs.t. α⊤

E
1E ≥ λ − α⊤

L
1Land α⊤

E
yE = −α⊤

L
yL

(2)Note that αL = 1L. For the sake of simpli
ity, the dual variables whi
hare known to be equivalent to the primal variables are noted a

ording totheir meaning in the primal. The Lagrangian is used to retrieve the followingequations:
α = G−1

E

(

ρ1E + byE −
1

2
GEL1L

)3
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⊤
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E
yE + 1
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⊤

L
GLEG−1

E
yE

y⊤

E
G−1

E
yERemark here that ρ is 
omputed ignoring the variable b. This tri
k does nota�e
t numeri
al results, but is required for e�
ient resolution. Indeed, if both
onstraints from 2 must be satis�ed at any moment, the iterative methodstarting from no support ve
tor 
annot start while, at the same time, the �rstsolution should 
ontain at least λ points.One reason to use this solver instead of the SMO is that SMO is known to beslower when C (in the standard version) in
reases, whi
h 
orresponds to smallvalues of λ (in the ν version) while SimpleSVM is faster when C grows. Sin
eour method starts from small λ and aims at stoping before rea
hing very largevalues, using the a
tive set method is a natural 
hoi
e.2 Regularization pathOur aim is to 
ompute the ν-SVM solution for all values of ν. As shown in[5℄, the path is pie
ewise linear. It means that the support ve
tors set does not
hange between two values of ν. Hen
e we only need to identify when a 
hangeo

urs in the sets. Similarly to what is done in a
tive set methods solving theSVM [9, 6℄, the �rst steps 
onsists in identifying the best dire
tion to follow andthe se
ond step is to determine how far to follow it.Let note g(xi) = yi

(

f(xi) + b
)

− ρ. Then we have:






L : g(xi) < 0 ∀i ∈ L αi = 1 bounded points
E : g(xi) = 0 ∀i ∈ E 0 < αi < 1 margins points
R : g(xi) > 0 ∀i ∈ R αi = 0 useless pointsThe idea of the path is to provide an iterative method that follows the pathby pie
es, stopping at ea
h 
hange among the groups. Ea
h point of the pathre�e
ts the optimal solution of the ν-SVM a

ording to a parti
ular value of λ.We begin with the smallest value of λ and let it grow up to its larger value.Sin
e the provided solutions are equivalent as long as the groups do not 
hange,we only need to identify for whi
h values of λ a point is going to move fromone group to another. We identify four possible movements: from L to E (fromthe wrong side of the margin to the margin), from R to E (the point be
omessupport ve
tor), from E to L (a support ve
tor be
omes bounded) and from Eto R (a support ve
tor is no longer one). We will denote those steps respe
tivelyas in(ℓ), in(r), out(ℓ) and out(r).Movements in(ℓ) and in(r) happen when ∃i ∈ L or i ∈ R su
h that g(xi) = 0.Movements out(ℓ) and out(r) o

ur respe
tively when ∃i ∈ E su
h that αi = 1or αi = 0. 4



Hen
e we need to express g(x) and α depending on steps t and t + 1. Forea
h point we get:
gt+1(xi) = gt+1(xi) − gt(xi) + gt(xi)

= G(i, :)αt+1 + bt+1yi − ρt+1 − G(xi, :)α
t − btyi + ρt + gt(xi)

= G(i, :)δα + δbyi − δρ + gt(xi) (3)with δα = αt+1 − αt, δb = bt+1 − bt and δρ = ρt+1 − ρt. G(i, :) designates the
ith row the the matrix. From equation 3 and depending on the 
on
erned event,it is possible to �nd whi
h value of λ to 
hoose next. We summarize in table 1the events and the algorithm me
hani
.Step in(r) out(r) out(ℓ) in(ℓ)

t i ∈ R i ∈ E i ∈ E i ∈ L
gt(xi) > 0 ⋆gt(xi) = 0 ⋆gt(xi) = 0 gt(xi) < 0

αi = 0 0 < αi < 1 0 < αi < 1 αi = 1
t + 1 i ∈ E i ∈ R i ∈ L i ∈ E

⋆gt+1(xi) = 0 ⋆gt+1(xi) ≥ 0 ⋆gt+1(xi) ≤ 0 ⋆gt+1(xi) = 0

0 < αi < 1 ⋆αi = 0 ⋆αi = 1 0 < αi < 1Table 1: Summary of the events. ea
h 
olumn stands for a parti
ular event. Inblue starred are noted the properties that are used to 
ompute the 
orresponding
λt+12.1 Points in E and dete
tion of out(ℓ) and out(r)Events out(ℓ) and out(r) are dete
ted using their values of α. Indeed, one
ondition to remain in E is to keep 0 < α < 1. Retrieving λt+1 for whi
h oneof these 
onditions is violated for ea
h point requires to write αi depending on
λt+1.Remark that in E , gt(x) = 0 and gt+1(x) = 0. Equation 3 together withthe 
onstraints from 1 (α⊤1 ≥ λ, hen
e δ⊤

α
1 ≥ λt+1 − λt and α⊤y = 0, hen
e

δ⊤

α
y = 0) leads to a system of linear equations Aδ = (λt+1 − λ)c, where

A =





G y −1

y⊤ 0 0
1⊤ 0 0



 δ =





δα

δb

δρ



 c =





0

0
1



This leads to δ = (λt+1 − λt)A−1c. So for points in the set E there is:






αt+1 = αt + (λt − λt+1)η
α

bt+1 = bt + (λt − λt+1)ηb

ρt+1 = ρt + (λt − λt+1)ηρwhere η denote the ve
tor A−1c. 5



As mentioned earlier, a 
hange in the groups will o

ur as soon as one of the
αi will meet on of the boundaries, i.e. when αi = 0 or αi = 1 for i ∈ E . Thisgives two 
hange 
onditions:















λt+1
out(r) =

−αt
i

ηi

+ λt

λt+1
out(ℓ) =

1 − αt
i

ηi

+ λt2.2 Points in L and R and dete
tion of in(ℓ) and in(r)Events in(ℓ) and in(r) are dete
ted using their values of g(xi). Indeed, one
ondition to remain in R is to keep g(xi) > 0 and g(xi) < 0 to stay in L.Retrieving λt+1 for whi
h one of these 
onditions is violated for ea
h pointrequires to write gt+1(xi) depending on λt+1. For a point moving inside E , theparti
ularity is that gt+1(xi) be
omes nul.De�ning h(x) = G(i, :)ηα + ηb − ηρ leads to
gt+1(xi) = G(i, :)δα + δbyi − δρ + gt(xi)

= (λt+1 − λt)
(

G(i, :)η
α

+ ηb − ηρ

)

+ gt(xi)
= (λt+1 − λt)ht(xi) + gt(xi) = 0and thus

λt+1
in(ℓ) =

−gt(xi)

ht(xi)
+ λt i ∈ L

λt+1
in(r) =

−gt(xi)

ht(xi)
+ λt i ∈ RNote that it may happen that several points rea
h E at the same time. Eventhough this does not 
hange equations, it is a relevant remark for implementation.Indeed, if a point is missed, the path is left and the missed point will not besele
ted afterwards.2.3 Regularization path algorithmAt ea
h step we look for the smallest λt+1 > λt among {

λt+1
in(ℓ), λ

t+1
in(r), λ

t+1
out(ℓ), λ

t+1
out(r)

}.We update the αt+1 a

ording to the 
hosen λt+1 and then the groups. Thepro
ess is stopped when λ = m.Initialisation The initialisation is done for λ = 1, whi
h means that notraining error is tolerated, via the Simple-ν-SVM. The �rst solution is thusthe most parsimonious error-free solution one on the path (and potentially oneof the most over-�tted). If the problem is truly separable, it will also be the bestone. This initialization 
an fail, even using Gaussian kernel, as is it underlined in[5℄, when the true rank of the kernel matrix is less than m. When this happens,it is easily dete
ted (the �rst solution does not have a zero training error) and
an be �xed by narrowing the kernel bandwidth or initializing with a larger λ.6



3 Stopping on the path using Leave One OutNow we have the entire path and we know that we begin with the most over-learned solution (zero-error) and end with all the points as support ve
tors. Atea
h step we get a more regular solution and we would like to know when thissolution is optimal in term of generalization. The idea here is to 
ompute anestimate of the generalization error at ea
h step and to study if we 
an �nd astopping 
riteria along the path. To do so the idea is to 
ompute together withthe regularization path a sequen
e of estimates of the generalization error tostop when this sequen
e rea
hes a minimum.Among all possible estimations of the generalization error, the leave-one-outseems to be the one advo
ated by pra
titioners. The major drawba
k of theleave-one-out estimate is the time required to 
ompute it. Solutions have beenproposed to over
ome this de�
ien
y. [10℄ propose to use an approximationeasily available 
alled the GCV (Generalized Cross Validation). Others [7℄propose to take advantage of e�
ient implementation of the SVM with warm-start (starting from the 
urrent solution as an a priori on the next solution) toderive a

eptable pro
edures. Following this idea, we show next how to integratethose estimators in the algorithm and we point out that this method is mu
h
heaper than an external LOO method.The leave-one-out error is de�ned as the mean error done for the removedpoints. We also 
ompute a se
ond leave-one-out estimation to have an idea ofthe varian
e of the solution:
LOO1error =

1

n

∑

i

1 − sign(ŷiyi) LOO2error =
1

n

∑

i

max(0, ρ − ŷiyi)This se
ond formula is very helpful to dete
t over-�tting. Indeed, outliers willbe very penalized.The leave-one-out error rates are estimated at ea
h step. Sin
e no point from
R parti
ipate to the solution, they would ne
essaraly have a zero error if on
eremoved from the training set. Hen
e we only need to 
ompute the LOO errorsof ea
h point ℓ of E and L. The solution S−ℓ is 
lose to the 
urrent solution Sgiven along the path. Thus we obtain S−ℓ from S with Simple-ν-SVM warmstart. The 
ost of the 
omputation of the LOO at ea
h step is (

|E|+ |L|
) updatesteps.Sin
e Simple-ν-SVM is also an a
tive set method, if it is given an almosttrue repartition, then it 
onverges qui
kly to the solution.If the generalization error if signi�
antly better for some range of parameters

λ, we expe
t to see it through the LOO error rates. Hen
e we monitor this valueto dete
t when it starts to in
rease signi�
antly. Then we 
an stop learning ago ba
k to Sλ whi
h has given the lowest LOO errors. Doing so, we avoidto 
ompute the part of the path for whi
h most of the points are boundedsupport ve
tors. Indeed those solution 
ontradi
t the SVM goal: sparseness.Algorithm 3 des
ribes the whole pro
edure.7



Algorithm for ν-SVM regularization path with stopping 
riteria
1) initialize with Simple-ν-SVM with λ = 1
2) while λ < m or smoothed LOO2error de
reases

2.1) �nd the smallest λt+1 > λt among ˘

λt+1
in(ℓ)

, λt+1
in(r)

, λt+1
out(ℓ)

, λt+1
out(r)

¯

2.2) update the α, b, ρ and the groups R, E , L
2.3) for ea
h i ∈ E and L

2.3.1) adapt the 
urrent solution without point i

2.3.2) LOO1i ← test on point i

2.3.3) LOO2i ← test on point iend for ea
h
2.4) LOO1error(λ) = mean(LOO1i)
2.5) LOO2error(λ) = mean(LOO2i)end while

3) return λ← λ(min(LOO1error)) and 
orresponding solution4 Experimental resultsFor the evaluation of our method, we have used arti�
ial datasets. The �rst oneis the apple and banana dataset (�gure 1 on the left). The se
ond one is themixture dataset1 whi
h is a noisy dataset (with a Bayes error of 21%), used in[5℄ to illustrate the behaviour of the SVM regularization path.
0

0

0 0

0

0

0

0Figure 1: Datasets. Left: the apple and banana. Right: mixture4.1 Illustration of the pathsThe regularization paths 
an be represented via the values taken by the α
oe�
ients during learning. Those 
oe�
ients follow pie
ewise linear paths.Figure 2 illustrates this behavior for the ν-SVM regularization path. In orderto 
lirify the �gure, αiyi is plot, su
h that all negative points appear bellowzeros.4.2 E�
ien
y of the ν-SVM regularization pathWe are able to reprodu
e the C-SVM regularization path for the mixture dataset,in terms of a

ura
y, number of 
hange points and speed. The main di�eren
e1available at http://www-stat.stanford.edu/~tibs/ElemStatLearn/8
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Figure 2: Evoluation of the yiαi along the path for the apple and bananaproblemis that we follow the path in the other dire
tion. Following the path in theother dire
tion mainly presents pra
ti
al advantages. Indeed, if the whole pathis 
omputed, there is no major di�eren
e, ex
ept that the �rst solution forour method requires to solve a QP. However, when we introdu
e the stopping
riteria and the LOO estimation at ea
h step, there is a huge di�eren
e. If westart from all points in L, it means that all points are support ve
tors and weneed to update the 
urrent solution for every point to have the LOO estimation.On the 
ontrary, if we start from the other side, we begin with a sparse solution.Moreover, if we stop before the end, we never attain very large solutions.4.3 On the stopping 
riteriaWe have 
ondu
ted experiments on arti�
ial datasets in order to illustrate howthe LOO estimation 
an be a 
riteria to stop learning on the path beforeattaining non sparse solutions. Figures 3and 4 respe
tively give examples ofresults on the apple and banana dataset and on the mixture dataset, bothwith an rbf kernel. Ea
h LOO estimate provide usefull information. The �rstone (based on the 
ounting of the errors) gives a good approximation of thegeneralisation error. The se
ond one, based on the output value of the SVMrepresents the varian
e of the solution and we look for a low varian
e solution.
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Test errorFigure 3: Illustration on the apple en banana dataset of the LOO error rateevolution a

ording to λ, reported with the test errorFrom a pra
ti
al point of view, determining the 
orre
t moment to stoprequires some heuristi
 and using a smoothed 
urved of the LOO error is usefull.9
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Figure 4: Illustration on the mixture dataset of the LOO error rate evolutiona

ording to λ, reported with the test errorOur heuristi
 
onsists in 
hoosing to stop when the smoothed LOO2 error hasnot been de
reasing for a period lasting as long as it take for λ to grow of 10.Then we 
hoose ba
kward the λ 
orresponding to the minimum a
hieved bysmoothed LOO1.4.4 Implementation detailsStability The regularization path method is very sensitive to the initialisationquality and to the data. It may happen that the solution leaves the path be
auseof numeri
al approximation. Ones the path is left, the algorithm shows a veryinstable behaviour. To address this problem we have implemented a monitoringsystem of the solution. Ea
h time ∃i ∈ Es.t.αi > 1 or αi < 0, we run an externalQP to 
orre
t the problem. This is done 
heaply using the Simple-ν-SVM warmstart. This tri
k is also applied when set E be
omes empty (see [5℄ for detailson this problem) or of size one (then matrix A is singular) or when all point in
E belong to the same 
lass (A is singular as well). This last situation 
an beavoided in pra
ti
e if the bias b is in
orporated in the ξi (whi
h are then allowedto be negative). This tri
k removes the 
onstraint α⊤y = 0 in equation 1 andthe matrix A will remain invertible.Initialization For the initialisation, if the �rst point is not feasible (whi
h iseasily seen if the training error is not 0), we in
rease the initial value of λ (bysteps of 1) until we �nd a �rst feasible solution (λ is an upper bound on thenumber of training errors).5 Con
lusionWe have presented in this paper the Simple-ν-SVM solver as well as a low
ost leave-one-out stopping 
riteria in the ν-SVM regularization path. Thepath is followed in the good dire
tion in terms of memory requirements and
omputational time. Obviously this statement is true only if we 
an stop beforerea
hing the other side of the path but after attaining a good generalizationerror. By evaluating two LOO estimators at ea
h step of the path, we save10



the time needed to 
ompute a part of the path sin
e we 
an stop on the way.We also propose a good value for the regularization parameter λ. The LOOstep is done 
heaply sin
e only a part of the points require an update of thesolution. Moreover we 
an approximate the LOO estimation in order to redu
ethe 
omputational time. We are now very 
lose to the push-button SVM andour future resear
h will in
lude the bandwidth sele
tion as well.A
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