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tThis paper presents the ν-SVM full regularization path along with aleave-one-out inspired stopping 
riterion and an e�
ient implementation.This stopping 
riterion aims at estimating e�
iently when the solutiono�ers a good generalization. To reinfor
e e�
ien
y, the regularizationpath is followed from the most parsimonious error-free solution towardsthe solution with all training points as support ve
tors (
ontrarily to whatis usually done). The initial solution is also 
omputed e�
iently (withthe Simple-ν-SVM brie�y introdu
ed here) be
ause it does not requireto 
ompute the full Gram matrix. Stopping on the path prevents fromlearning non sparse solutions hen
e the full Gram matrix is also avoided.Large databases 
ould hen
e be treated with the proposed method.
1 In tro duction

In the con text of classi�cation tasks, Supp ort V ector Mac hines are no w v ery

p opular. Ho w ev er, their utilization b y neoph yte users is still hamp ered b y the

need to supply v alues for con trol parameters in order to get the b est attainable

results. Mainly , giv en clean data, SVM's users m ust mak e three c hoices: the

t yp e of k ernel, its bandwidth and the regularization parameter. It w ould b e

con v enien t to pro vide users with a push-button SVM, that w ould b e able to

auto-set to the b est p ossible v alues. This pap er presen ts a new metho d that

approac hes this goal. Giv en the imp ortance of this problem for reaping all the

p oten tial b ene�ts of the use of SVM, man y researc h w ork ha v e b een dedicated

to w a ys of helping the setting of the parameters. Most rely on either outer

measures, suc h as cross-v alidation, to guide the selection, or to measures em b edded

in the learning metho d itself (for k ernels, see [1, 8]). In place of empirical

approac hes to the setting of the con trol parameters, regularization paths ha v e

b een prop osed [5, 4, 2 ] and widely studied these past y ears since they pro vide

a smart and fast w a y to access all the optimal solutions of a problem according

to all compromises b et w een bias and v ariance for regression or compromises

b et w een bias and regularit y in classi�cation. F or instance, in the case of classi�cation

tasks, as studied in this pap er, Soft margins SVM deal with non separable
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problem thanks to slac k v ariables that are parametrized b y a slac k trade-o�

(usually noted C , it is the regularization parameter). Within the usual form ulation

of the Soft margins SVM, this trade-o� tak es its v alue b et w een 0 (random) and

1 (hard-margins). The � -SVM [3] tec hnique reform ulates the SVM problem so

that C is replaced b y a � parameters taking v alues in [0; 1]. This renormalized

parameter has a more in tuitiv e meaning: it represen ts the minimal prop ortion

of p oin ts in the solution and the maximal prop ortion of misclassi�ed p oin ts.

The adv an tages of suc h an approac h are detailed in [3 ].

Ho w ev er, ha ving the whole regularization path is not enough. Indeed, the

end user still needs to retriev e from it the b est v alues for the regularization

parameters. Instead of selecting these v alues b y k -fold cross-v alidation or lea v e-

one-out, or other appro ximations [10 ], w e prop ose to include the lea v e-one-

out estimator inside the regularization path in order to ha v e an idea of the

generalization error at eac h step. W e explain wh y it is less expansiv e than

selecting the b est parameter a p osteriori and giv e a metho d to stop learning

b efore attaining the end of the path to sa v e useless e�orts. This pap er presen ts

a lo w-cost (in term of computational time and memory) metho d for the auto-

setting of the regularization parameter. Con trarily to what is usually done

for regularization path, our metho d do es not start with all p oin ts as supp ort

v ectors. Doing so w e a v oid the computation of the whole Gram matrix at the

�rst step. Then, since the prop osed metho d stops on the path, this extreme

non-sparse solution is nev er attained and th us the whole Gram matrix nev er

required. One of the main adv an tage of this is that it is p ossible to use this

setting for large databases.

The pap er is organized as follo ws. In the remaining of the in tro duction

section, w e �rst brie�y recall the � -SVM form ulation of the problem. Then w e

in tro duce the � -SVM regularization path. Section 3 presen ts criteria to stop

learning on the path when the attained solution is the most parsimonious error-

free solution . Finally w e presen t practical results that illustrate our metho d

insigh ts, and sho w its v alue.

1.1 The ν -SVM setting

W e consider a binary classi�cation problem with training patterns x1 : : : xm 2 X
and asso ciated classes y1 : : : ym 2 f +1 ; � 1g. A � -SVM classi�es a pattern x

according to the sign of the decision function f (:) =
1
m

m∑

i=1

� iyik(xi; :) + b. A

pattern xi is called �supp ort v ector� when the corresp onding co e�cien t � i is

non zero.

The primal � -SVM problem is written as follo ws:
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




min
f,b,ρ,ξi

1
2

kf k2 � �� +
1
m

m∑

i=1

� i

s.t. yi
(
f (xi) + b

)
� � � � i 8i 2 [1; :::; m]

and � � 0
and � i � 0 8i 2 [1; :::; m]

1.2 The Simple- ν -SVM solv er

The Simple- � -SVM solv er, is deriv ed from the SimpleSVM [9]. It is an activ e

set metho d, based on the repartition of the training p oin ts in to three groups

that are denoted here as R for un used p oin ts, E for supp ort v ectors placed on

the margins and L for supp ort v ectors placed further. The iterativ e sc heme

consists in c hanging the groups suc h that the costs decreases (b y taking the

most misclassi�ed p oin ts to put it in E or b y taking a p oin t from E for whic h � i
is not taking its v alue b et w een 0 and 1 an ymore) and then up date � E , b and �
un til con v ergence.

Let reform ulate the problem in term of a parameter � 2 [1; m] so that the

constrain ts on � do not dep end on the n um b er of training p oin ts.






min
f,b,ρ,ξi

m
2

kf k2 � �� +
m∑

i=1

� i

s.t. yi
(
f (xi) + b

)
� � � � i 8i 2 [1; :::; m]

and � � 0
and � i � 0 8i 2 [1; :::; m]

With jLj denoting the cardinal of L , w e ha v e � � jLj and � � jL + Ej. This is

easily seen b y writing do wn the dual form ulation of 1.2:






max
α

�
1
2

α⊤Gα
s.t. α⊤1 � �

and α⊤y = 0
and 0 � � i � 1 8i 2 [1; :::; m]

(1)

where G(i; j ) = 1
m yiyjk(xi; xj) .

If only the p oin ts from E are considered, w e get:






max
αE

�
1
2

α⊤
E GEαE �

1
2

α⊤
L GLEαE

s.t. α⊤
E 1E � � � α⊤

L 1L
and α⊤

E yE = � α⊤
L yL

(2)

Note that αL = 1L . F or the sak e of simplicit y , the dual v ariables whic h

are kno wn to b e equiv alen t to the primal v ariables are noted according to

their meaning in the primal. The Lagrangian is used to retriev e the follo wing

equations:

α = G−1
E

(
� 1E + byE �

1
2

GEL1L
)
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� =
� � jLj + 1

2 1⊤
L GLEG−1

E 1E

1⊤
E G−1

E 1E

b =
� 1⊤

LyL � � 1⊤
E G−1

E yE + 1
2 1⊤

L GLEG−1
E yE

y⊤
E G−1

E yE

Remark here that � is computed ignoring the v ariable b. This tric k do es not

a�ect n umerical results, but is required for e�cien t resolution. Indeed, if b oth

constrain ts from 2 m ust b e satis�ed at an y momen t, the iterativ e metho d

starting from no supp ort v ector cannot start while, at the same time, the �rst

solution should con tain at least � p oin ts.

One reason to use this solv er instead of the SMO is that SMO is kno wn to b e

slo w er when C (in the standard v ersion) increases, whic h corresp onds to small

v alues of � (in the � v ersion) while SimpleSVM is faster when C gro ws. Since

our metho d starts from small � and aims at stoping b efore reac hing v ery large

v alues, using the activ e set metho d is a natural c hoice.

2 Regularization path

Our aim is to compute the � -SVM solution for all v alues of � . As sho wn in

[5 ], the path is piecewise linear. It means that the supp ort v ectors set do es not

c hange b et w een t w o v alues of � . Hence w e only need to iden tify when a c hange

o ccurs in the sets. Similarly to what is done in activ e set metho ds solving the

SVM [9 , 6 ], the �rst steps consists in iden tifying the b est direction to follo w and

the second step is to determine ho w far to follo w it.

Let note g(xi) = yi
(
f (xi) + b

)
� � . Then w e ha v e:






L : g(xi) < 0 8i 2 L � i = 1 b ounded p oin ts

E : g(xi) = 0 8i 2 E 0 < � i < 1 margins p oin ts

R : g(xi) > 0 8i 2 R � i = 0 useless p oin ts

The idea of the path is to pro vide an iterativ e metho d that follo ws the path

b y pieces, stopping at eac h c hange among the groups. Eac h p oin t of the path

re�ects the optimal solution of the � -SVM according to a particular v alue of � .

W e b egin with the smallest v alue of � and let it gro w up to its larger v alue.

Since the pro vided solutions are equiv alen t as long as the groups do not c hange,

w e only need to iden tify for whic h v alues of � a p oin t is going to mo v e from

one group to another. W e iden tify four p ossible mo v emen ts: from L to E (from

the wrong side of the margin to the margin), from R to E (the p oin t b ecomes

supp ort v ector), from E to L (a supp ort v ector b ecomes b ounded) and from E
to R (a supp ort v ector is no longer one). W e will denote those steps resp ectiv ely

as in (`) , in (r ) , out(`) and out(r ) .

Mo v emen ts in (`) and in (r ) happ en when 9i 2 L or i 2 R suc h that g(xi) = 0 .

Mo v emen ts out(`) and out(r ) o ccur resp ectiv ely when 9i 2 E suc h that � i = 1
or � i = 0 .
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Hence w e need to express g(x) and α dep ending on steps t and t + 1 . F or

eac h p oin t w e get:

gt+1 (xi) = gt+1 (xi) � gt(xi) + gt(xi)
= G(i; :)αt+1 + bt+1 yi � � t+1 � G(xi; :)αt � btyi + � t + gt(xi)
= G(i; :)δα + � byi � � ρ + gt(xi)

(3)

with δα = αt+1 � αt
, � b = bt+1 � bt

and � ρ = � t+1 � � t
. G(i; :) designates the

i th
ro w the the matrix. F rom equation 3 and dep ending on the concerned ev en t,

it is p ossible to �nd whic h v alue of � to c ho ose next. W e summarize in table 1

the ev en ts and the algorithm mec hanic.

Step in (r ) out(r ) out(`) in (`)

t i 2 R i 2 E i 2 E i 2 L
gt(xi) > 0 ?gt (x i ) = 0 ?gt (x i ) = 0 gt(xi) < 0

� i = 0 0 < � i < 1 0 < � i < 1 � i = 1
t + 1 i 2 E i 2 R i 2 L i 2 E

?gt + 1 (x i ) = 0 ?gt + 1 (x i ) � 0 ?gt + 1 (x i ) � 0 ?gt + 1 (x i ) = 0
0 < � i < 1 ?� i = 0 ?� i = 1 0 < � i < 1

T able 1: Summary of the ev en ts. eac h column stands for a particular ev en t. In

blue starred are noted the prop erties that are used to compute the corresp onding

� t+1

2.1 P oin ts in E and detection of out(ℓ) and out(r)

Ev en ts out(`) and out(r ) are detected using their v alues of � . Indeed, one

condition to remain in E is to k eep 0 < � < 1. Retrieving � t+1
for whic h one

of these conditions is violated for eac h p oin t requires to write � i dep ending on

� t+1
.

Remark that in E, gt(x) = 0 and gt+1 (x) = 0 . Equation 3 together with

the constrain ts from 1 ( α⊤1 � � , hence δ⊤
α1 � � t+1 � � t

and α⊤y = 0 , hence

δ⊤
αy = 0 ) leads to a system of linear equations Aδ = ( � t+1 � � )c , where

A =




G y � 1
y⊤ 0 0
1⊤ 0 0



 � =




δα
� b
� ρ



 c =




0
0
1





This leads to δ = ( � t+1 � � t)A−1c . So for p oin ts in the set E there is:






αt+1 = αt + ( � t � � t+1 )ηα
bt+1 = bt + ( � t � � t+1 )� b
� t+1 = � t + ( � t � � t+1 )� ρ

where η denote the v ector A−1c .
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As men tioned earlier, a c hange in the groups will o ccur as so on as one of the

� i will meet on of the b oundaries, i.e. when � i = 0 or � i = 1 for i 2 E . This

giv es t w o c hange conditions:






� t+1
out(r) =

� � t
i

� i
+ � t

� t+1
out(ℓ) =

1 � � t
i

� i
+ � t

2.2 P oin ts in L and R and detection of in(ℓ) and in(r)

Ev en ts in (`) and in (r ) are detected using their v alues of g(xi) . Indeed, one

condition to remain in R is to k eep g(xi) > 0 and g(xi) < 0 to sta y in L .

Retrieving � t+1
for whic h one of these conditions is violated for eac h p oin t

requires to write gt+1 (xi) dep ending on � t+1
. F or a p oin t mo ving inside E, the

particularit y is that gt+1 (xi) b ecomes n ul.

De�ning h(x) = G(i; :)ηα + � b � � ρ leads to

gt+1 (xi) = G(i; :)δα + � byi � � ρ + gt(xi)
= ( � t+1 � � t)

(
G(i; :)ηα + � b � � ρ

)
+ gt(xi)

= ( � t+1 � � t)ht(xi) + gt(xi) = 0

and th us

� t+1
in(ℓ) =

� gt(xi)
ht(xi)

+ � t i 2 L

� t+1
in(r) =

� gt(xi)
ht(xi)

+ � t i 2 R

Note that it ma y happ en that sev eral p oin ts reac h E at the same time. Ev en

though this do es not c hange equations, it is a relev an t remark for implemen tation.

Indeed, if a p oin t is missed, the path is left and the missed p oin t will not b e

selected afterw ards.

2.3 Regularization path algorithm

A t eac h step w e lo ok for the smallest � t+1 > � t
among

{
� t+1

in(ℓ) ; � t+1
in(r) ; � t+1

out(ℓ) ; � t+1
out(r)

}
.

W e up date the αt+1
according to the c hosen � t+1

and then the groups. The

pro cess is stopp ed when � = m .

Initialisation The initialisation is done for � = 1 , whic h means that no

training error is tolerated, via the Simple- � -SVM. The �rst solution is th us

the most parsimonious error-free solution one on the path (and p oten tially one

of the most o v er-�tted). If the problem is truly separable, it will also b e the b est

one. This initialization can fail, ev en using Gaussian k ernel, as is it underlined in

[5 ], when the true rank of the k ernel matrix is less than m . When this happ ens,

it is easily detected (the �rst solution do es not ha v e a zero training error) and

can b e �xed b y narro wing the k ernel bandwidth or initializing with a larger � .
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3 Stopping on the path using Lea v e One Out

No w w e ha v e the en tire path and w e kno w that w e b egin with the most o v er-

learned solution (zero-error) and end with all the p oin ts as supp ort v ectors. A t

eac h step w e get a more regular solution and w e w ould lik e to kno w when this

solution is optimal in term of generalization. The idea here is to compute an

estimate of the generalization error at eac h step and to study if w e can �nd a

stopping criteria along the path. T o do so the idea is to compute together with

the regularization path a sequence of estimates of the generalization error to

stop when this sequence reac hes a minim um.

Among all p ossible estimations of the generalization error, the lea v e-one-out

seems to b e the one adv o cated b y practitioners. The ma jor dra wbac k of the

lea v e-one-out estimate is the time required to compute it. Solutions ha v e b een

prop osed to o v ercome this de�ciency . [10 ] prop ose to use an appro ximation

easily a v ailable called the GCV (Generalized Cross V alidation). Others [7]

prop ose to tak e adv an tage of e�cien t implemen tation of the SVM with w arm-

start (starting from the curren t solution as an a priori on the next solution) to

deriv e acceptable pro cedures. F ollo wing this idea, w e sho w next ho w to in tegrate

those estimators in the algorithm and w e p oin t out that this metho d is m uc h

c heap er than an external LOO metho d.

The lea v e-one-out error is de�ned as the mean error done for the remo v ed

p oin ts. W e also compute a second lea v e-one-out estimation to ha v e an idea of

the v ariance of the solution:

LOO1error =
1
n

∑

i

1 � sign(ŷiyi) LOO2error =
1
n

∑

i

max(0; � � ŷiyi)

This second form ula is v ery helpful to detect o v er-�tting. Indeed, outliers will

b e v ery p enalized.

The lea v e-one-out error rates are estimated at eac h step. Since no p oin t from

R participate to the solution, they w ould necessaraly ha v e a zero error if once

remo v ed from the training set. Hence w e only need to compute the LOO errors

of eac h p oin t ` of E and L . The solution S−ℓ is close to the curren t solution S
giv en along the path. Th us w e obtain S−ℓ from S with Simple- � -SVM w arm

start. The cost of the computation of the LOO at eac h step is

(
jEj+ jLj

)
up date

steps.

Since Simple- � -SVM is also an activ e set metho d, if it is giv en an almost

true repartition, then it con v erges quic kly to the solution.

If the generalization error if signi�can tly b etter for some range of parameters

� , w e exp ect to see it through the LOO error rates. Hence w e monitor this v alue

to detect when it starts to increase signi�can tly . Then w e can stop learning a

go bac k to Sλ whic h has giv en the lo w est LOO errors. Doing so, w e a v oid

to compute the part of the path for whic h most of the p oin ts are b ounded

supp ort v ectors. Indeed those solution con tradict the SVM goal: sparseness.

Algorithm 3 describ es the whole pro cedure.
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Algorithm for ν-SVM regularization path with stopping 
riteria
1) initialize with Simple-ν-SVM with λ = 1
2) while λ < m or smoothed LOO2error de
reases

2.1) �nd the smallest λt +1 > λt among ˘
λt +1

in ( ` ) , λt +1
in ( r ) , λt +1

out ( ` ) , λt +1
out ( r )

¯

2.2) update the α, b, ρ and the groups R, E , L
2.3) for ea
h i ∈ E and L

2.3.1) adapt the 
urrent solution without point i
2.3.2) LOO1i ← test on point i
2.3.3) LOO2i ← test on point iend for ea
h

2.4) LOO1error (λ) = mean(LOO1i )
2.5) LOO2error (λ) = mean(LOO2i )end while

3) return λ← λ(min(LOO1error )) and 
orresponding solution
4 Exp erimen tal results

F or the ev aluation of our metho d, w e ha v e used arti�cial datasets. The �rst one

is the apple and b anana dataset (�gure 1 on the left). The second one is the

mixtur e dataset

1
whic h is a noisy dataset (with a Ba y es error of 21%), used in

[5 ] to illustrate the b eha viour of the SVM regularization path.

0

0

0 0

0

0

0

0

Figure 1: Datasets. Left: the apple and banana. Righ t: mixture

4.1 Illustration of the paths

The regularization paths can b e represen ted via the v alues tak en b y the �
co e�cien ts during learning. Those co e�cien ts follo w piecewise linear paths.

Figure 2 illustrates this b eha vior for the � -SVM regularization path. In order

to clirify the �gure, � iyi is plot, suc h that all negativ e p oin ts app ear b ello w

zeros.

4.2 E�ciency of the ν -SVM regularization path

W e are able to repro duce the C-SVM regularization path for the mixture dataset,

in terms of accuracy , n um b er of c hange p oin ts and sp eed. The main di�erence1available at http://www- stat.stanford .ed u/~t ibs /Ele mSta tLe arn/

8



0 5 10 15 20 25 30 35 40 45 50
−1

−0.5

0

0.5

1

λ

y*
α

Figure 2: Ev oluation of the yi� i along the path for the apple and banana

problem

is that w e follo w the path in the other direction. F ollo wing the path in the

other direction mainly presen ts practical adv an tages. Indeed, if the whole path

is computed, there is no ma jor di�erence, except that the �rst solution for

our metho d requires to solv e a QP . Ho w ev er, when w e in tro duce the stopping

criteria and the LOO estimation at eac h step, there is a h uge di�erence. If w e

start from all p oin ts in L , it means that all p oin ts are supp ort v ectors and w e

need to up date the curren t solution for ev ery p oin t to ha v e the LOO estimation.

On the con trary , if w e start from the other side, w e b egin with a sparse solution.

Moreo v er, if w e stop b efore the end, w e nev er attain v ery large solutions.

4.3 On the stopping criteria

W e ha v e conducted exp erimen ts on arti�cial datasets in order to illustrate ho w

the LOO estimation can b e a criteria to stop learning on the path b efore

attaining non sparse solutions. Figures 3and 4 resp ectiv ely giv e examples of

results on the apple and banana dataset and on the mixture dataset, b oth

with an rbf k ernel. Eac h LOO estimate pro vide usefull information. The �rst

one (based on the coun ting of the errors) giv es a go o d appro ximation of the

generalisation error. The second one, based on the output v alue of the SVM

represen ts the v ariance of the solution and w e lo ok for a lo w v ariance solution.

0 10 20 30 40 50 60 70 80 90 100
0

10

20

30

40

50

λ

er
ro

r 
ra

te
 (

%
)

Leave one out error 2

Leave one out error 1

Test error

Figure 3: Illustration on the apple en banana dataset of the LOO error rate

ev olution according to � , rep orted with the test error

F rom a practical p oin t of view, determining the correct momen t to stop

requires some heuristic and using a smo othed curv ed of the LOO error is usefull.
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Figure 4: Illustration on the mixture dataset of the LOO error rate ev olution

according to � , rep orted with the test error

Our heuristic consists in c ho osing to stop when the smo othed LOO2 error has

not b een decreasing for a p erio d lasting as long as it tak e for � to gro w of 10.

Then w e c ho ose bac kw ard the � corresp onding to the minim um ac hiev ed b y

smo othed LOO1.

4.4 Implemen tation details

Stabilit y The regularization path metho d is v ery sensitiv e to the initialisation

qualit y and to the data. It ma y happ en that the solution lea v es the path b ecause

of n umerical appro ximation. Ones the path is left, the algorithm sho ws a v ery

instable b eha viour. T o address this problem w e ha v e implemen ted a monitoring

system of the solution. Eac h time 9i 2 E s.t. � i > 1 or � i < 0, w e run an external

QP to correct the problem. This is done c heaply using the Simple- � -SVM w arm

start. This tric k is also applied when set E b ecomes empt y (see [5] for details

on this problem) or of size one (then matrix A is singular) or when all p oin t in

E b elong to the same class ( A is singular as w ell). This last situation can b e

a v oided in practice if the bias b is incorp orated in the � i (whic h are then allo w ed

to b e negativ e). This tric k remo v es the constrain t α⊤y = 0 in equation 1 and

the matrix A will remain in v ertible.

Initialization F or the initialisation, if the �rst p oin t is not feasible (whic h is

easily seen if the training error is not 0), w e increase the initial v alue of � (b y

steps of 1) un til w e �nd a �rst feasible solution ( � is an upp er b ound on the

n um b er of training errors).

5 Conclusion

W e ha v e presen ted in this pap er the Simple- � -SVM solv er as w ell as a lo w

cost lea v e-one-out stopping criteria in the � -SVM regularization path. The

path is follo w ed in the go o d direction in terms of memory requiremen ts and

computational time. Ob viously this statemen t is true only if w e can stop b efore

reac hing the other side of the path but after attaining a go o d generalization

error. By ev aluating t w o LOO estimators at eac h step of the path, w e sa v e

10



the time needed to compute a part of the path since w e can stop on the w a y .

W e also prop ose a go o d v alue for the regularization parameter � . The LOO

step is done c heaply since only a part of the p oin ts require an up date of the

solution. Moreo v er w e can appro ximate the LOO estimation in order to reduce

the computational time. W e are no w v ery close to the push-button SVM and

our future researc h will include the bandwidth selection as w ell.
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